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^ ■ Abstract 

>>: 

^ ' It is shown that the phenomenological description of the baryon magnetic moments 

in the quark model carries over to the Poincaré covariant extension of the model. 
This apphes to ah the three common forms of relativistic kinematics with structm'e- 
^^^^^ _ less constituent currents, which are covariant under the corresponding kinematic 

^ ■ subgroups. In instant and front form kinematics the calculated magnetic moments 

. depend strongly on the constituent masses, while in point form kinematics the mag- 

netic moments are fairly insensitive to both the quark masses and the wave function 
model. The baryon charge radii and magnetic moments are determined in the dif- 
CD . ferent forms of kinematics for the light-ñavor, strange and charm hyperons. The 

wave function model is determined by a fit to the electromagnetic form factor of 
the proton. 



o 



o 



¿h: 

^ • 1 Introduction 



X 

^ \ The prominence of tlie non-relativistic quark model is partly due to the sim- 

ple and qualitatively satisfactory description of the masses and the magnetic 
moments of the ground state baryons, which it provides. Notwithstanding this 
satisfactory phenomenology the model lacks dynamical consistency, as the high 
velocity of the confined quarks a priori invalidates the non-relativistic descrip- 
tion of the constituent quarks. This problem may be overcome by recasting 
the model into Poincaré covariant form. It is shown here that the satisfactory 
description of the baryon magnetic moments carries over to this relativistic 
version of the quark model at the modest price of somewhat smaller con- 
stituent masses than commonly used, provided that the baryon wave function 
is determined by a fit to the electromagnetic form factors of the nucleon. 

The calculation of the electromagnetic observables of baryons in the relativistic 
quark model calls for a choice of kinematic subgroup of the group of Poincaré 
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transformations, a choice which is referred to as the "form of kinematics" , in 
addition to the choice of wave function and current operator models. The three 
forms of kinematics, originally outhncd by Dirac [1] , are commonly rcfcrrcd to 
as "instant" , "point" , and "front" form kinematics. The corresponding kine- 
matic subgroups of the group of Poincaré transformations are the group of 
rotations and translations at ñxed time £^(3), the group of Lorentz transfor- 
mations 5'0(1,3), and the symmetry group on the hght cone. The present 
relativistic quantum mechanical approach should be distinguished from the 
approach based on relativistic field theory, in which classes of Feynman dia- 
grams are summed in Bethe-Salpeter type equations, as e.g. in Ref [2]. 

It was recently noted that a fair description of the electromagnetic form fac- 
tors of the nucleons over the empirically known range of momentum transfer 
may be achieved with all these three forms of relativistic kinematics with sim- 
ple algebraic wave function models for the confined three-quark systcm [3]. 
The model employed structureless constituent current operators, that arc co- 
variant under transformations of the corresponding kinematic subgroup. That 
work was stimulated by the fairly satisfactory results obtained in point form 
kinematics for the electromagnetic form factors of the nucleons with a very 
compact wave function model in Ref. [4]. 

Hcrc a calculation of the baryon magnetic moments and charge radii is car- 
ried out with the relativistic constituent quark model in aU the three forms 
of relativistic kinematics. Both the strangc and the charm as well as the re- 
cently discovered doubly charm hyperons are considered. The functional form 
of the spatial wave function model is takcn to be similar for all three forms of 
kinematics, although the spatial extcnt of the wave function, which is required 
for a satisfactory description of the electromagnetic form factor of the proton, 
depends on the form of kinematics. 

With instant and front form kinematics the calculated baryon magnetic mo- 
ments are found to be very sensitive to both the wave function model and 
thc value of the constituent mass. With point form kinematics the calculated 
magnetic moments of the nucleon are on the other hand found to be quite in- 
sensitive to the constituent mass. Instead there is a sensitivity to the mass of 
the baryon, which leads to smaller values for the calculated magnetic moments 
of the heavy hyperons than with the other forms of kinematics. In instant and 
front form kinematics both the empirical magnetic moments and the charge 
radii of thc strangc hyperons are well reproduced with the same spatial wave 
function, as used for the nucleons. In contrast, reproduction of the empirical 
charge radius of the E~ hyperon would in point form demand that its matter 
radius be more than twice that of the nucleon. Even with such an extended 
wave function model thc calculated magnetic moments of most of the strange 
hyperons remain somewhat small in point form kinematics. 
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In [3] it was noted that the relativistic quark model gives reasonable values 
for the nucleon even for zero constituent mass. By considering the hyperon 
magnetic moments it is shown hcrc that, while the constituent masscs of the 
hght flavor quark masses may bc takcn to be very smah, agreemcnt with the 
experimental magnetic moments requires finite values for the strange quark 
mass. 

This paper is organizcd in thc foUowing way: Scction 2 contains a dcscription 
of the calculation of the magnctic moments in thc Poincaré covariant quark 
model in the three different forms of relativistic kinematics. The wave function 
model is described in Section 3. In Section 4 results for the magnetic moments 
and the charge radii of the strange hyperons are given. The corresponding 
rcsults for thc charm hypcrons arc given in Section 5. A concluding discussion 
of the results is given in Section 6. 



2 Magnetic Moments and Charge Radii 



2. 1 Definition of the magnetic moment 



The magnetic momcnt of a baryon may bc dcfincd as thc valuc of thc invariant 
magnctic form factor Gm at zcro invariant momcntum transfcr. Thc form 
factor is dcfined as a matrix elcmcnt of an appropriate component of the 
electromagnetic current operator, which depends on the form of kinematics. 
In instant and point form, the magnetic momcnt of a spin 1/2 baryon may 
thus bc defined as the matrix clcmcnt of the spin raising current component 
= (1/2) (/j. + ily) in the Breit frame: 



= Gm(0) = ^^(i f l^+(0)| - I, -f ) . (1) 

Here Q has been taken to be parallel to thc 2;— axis and 77 is dcfined as 77 = 
Q^/4M^, whcrc M is the baryon mass. In thc case of front form kinematics 
the appropriate definition is on the other hand: 

II^GmÍ^^^FM+H^), (2) 



where Fi and F^ are the Dirac and Pauh form factors of the nucleon. These 
arc in turn dcfined as the following matrix elements of the "plus" component 
of the current /"*" = /° + /^ : 

^i(o) = (i|/+li), FM-^H\i^\\)- (3) 
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In this case the momentum transfer has to be transverse to the direction: 

— * — * 

Q — Q±- Without loss of generahty Q may be taken to he in the direction of 
the X— axis [5]. 

For spin 3/2 baryons, as the A(1232) and the the corresponding definition 
of the magnetic moment in instant and point form kinematics is: 



= Gm(0) = ^^^^^(f, f |/+(0)li -f ) . (4) 



In front form kinematics the definition is again: 

/. = Gm(0) = Fi(0)+F2(0), (5) 

but now Fi and are obtained as [6]: 

Fi = (|,P'|7+(0)|P,|), 
F,-2F, = ^{¡,P'\I^mP,l). (6) 

Here P and P' are the initial and final total momenta. 
2.2 Definition of the charge radii 



The mean square charge radius of a baryon is defined as the derivative of the 
charge (electric) form factor Ge{Q^) with respect to the invariant squared 
momentum transfer as: 



For charged baryons the convcntion is to divide out thc charge from the electric 
form factor in the definition of the charge radius. In the case of instant and 
point form kinematics is defined as the matrix element: 

G^(g^) = (<7,f|/,(0)|<7,-f), a = \,\. (8) 



In the case of front form kinematics the appropriate definition is [5] : 

GE{.Q')=F^{Q')-r]F^{Q'). (9) 
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Here Fi and are the Dirac form factors defined in Eq. (3) for spin 1/2 
baryons and in Eq. (6) for spin 3/2 baryons. 



3 The wave function model in the magnetic form factors 

3. 1 The wave function model 

The baryon wave function modcls are here taken as products of a completely 
symmetric spatial component and SU{Nf)p symmetric spin-ñavor state vec- 
tors in the rest frame. The constituent quark masses appear in the current 
operators and in the boosts as well as in the Wigner and Melosh rotations, 
which connect the initial and final states to the spins and momenta that ap- 
pear in the rest frame baryon wave functions. The assumption of a completely 
symmetric spatial wave function for all systems of three quarks imphes that 
the mass operator, the eigenfunctions of which are the wave functions, is sym- 
metric in the quark masses as well. Examples of mass operators of this general 
form, with spectra that agree with the empirical baryon spectra, are given in 
Ref. [7]. 

For the ground state baryons the spatial wave function wiU be taken to be a 
completely symmetric (S"— state. This function wiU be taken to have the form: 

MP)=Aa(i + ^) , (10) 



where P is the hyperspherical momentum, P ^^(/í^ -|- (p), where k and q are 
the Jacobi coordinates for the three-quark system. In (10) jV is a normalization 
constant, while thc cxponent a and b arc adjustable parameters. The values 
of the parameters for the three different forms of relativistic kinematics are 
chosen as in Ref. [3], and are hsted in Table 1. 

Table 1 

The parameter values in the ground statc wavc function (10) used for the three 
different forms of kinematics. The corresponding matter radii ro are listed in the 
last column. 





mg (MeV) 


b (MeV) 


a 


ro (fm) 


instant form 


140 


600 


6 


0.63 


point form 


350 


640 


9/4 


0.19 


front form 


250 


500 


4 


0.55 
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The SU{Nf)p symmetry of the spin-flavor wave state of the baryons in the 
rest frame is broken by the boosts to the Breit frame, which change the spin 
quantization axis. Both the boosts and the current operators in addition brcak 
the flavor symmetry exphcitly by the dependence on the constituent quark 
mass, which is different for quarks of different flavor. 

The spin-flavor wave functions of the octet and decuplet baryons can be for- 
maUy expressed in terms of the flavor and spin symmetry assignments as: 



12 3 



SF 



3 



3 



+ 



2 



2 



and 



^SFÍl) 



1 


2 


3 


SF 


1 


2 


3 


s 


1 


2 


3 



F ' 



(12) 



respectively. In the foUowing we wiU make use of the foUowing notation: 

\Sms) — ) \Sma) — 



, l^s) = |l|2|3lc, \Sa) = 



■ (13) 



In Table A.l we givc thc cxphcit expressions for the mixed symmetry wave 
functions of the octet baryons. 



3.2 Magnetic form factors in the different forms of kinematics 



In instant and in point form kinematics, the magnetic form factors may be 
written as an integral over the spectator momenta in the Breit frame as [3]: 

Here the wave functions (f have the form (10), and depend on the Jacobi 
momenta in the initial and flnal rest frames respectively, and 2+ is the matrix 
element of the spin raising component of the Wigner rotatcd Dirac current 
operator, multiphed by a Jacobian factor that takes into account the transition 
from the rest frame to the Breit frame. The explicit expressions for the Wigner 
rotated current matrix element and the Jacobian factor that applies in instant 
and point form kinematics are given in Ref . [3] . The Breit frame momenta p¿ 
are related to the initial and final state momenta by Lorentz boosts, which 
depend on the form of kinematics. 
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In front form kinematics the magnetic form factors are obtained as a linear 
combination of the Dirac form factors of the baryons (5). The expressions for 
the latter take the form [3,5]: 



1 

F^iQ')^ I dCi d^de 



5(6 + 6 + 6-1 

3 



/ 



666 



dki± dk2± dks±5{ki± + k2± + /csx 



Mo 

k[±, 6, k2±, 6, ^3±)-^a(<5^)</'(6, ki±, 6, k2±, 6, k3±) . (15) 

Here the rclations between the momentum variablcs of thc struck ("1") and 
the two spectator quarks ("2,3") in the initial and final states are: 

k[±^k,± + {l-^,)Q±, K^^h±-^,Q± ¿ = 2,3. (16) 

The variables 6 ^re defined as 6 — pt /P^, where P is the total momentum 
and + refers to the "plus" component in the hght cone representation. 

The factors J-'a{Q^) involve the spin-isospin amphtudes and the effects of the 
Melosh rotations on both spectators and the Dirac current of the struck 
constituent. The exphcit cxpressions for these are given in Ref. [3]. The factor 
üüiüü^ujs/Mq is the Jacobian factor for front form kinematics. Here a;¿ are single 
constituent energies and Mq is the free mass operator. 



4 Magnetic moments and charge radii of nucleons and strange hy- 
perons 



There are relations between the magnetic moments of the baryons, that arise 
from the spin-fiavor matrix elements, which do not depend on the form of rela- 
tivistic kinematics. These relations involve matrix elements of the spin part of 
the current density operator, which depends on the specific form of kinematics 
through the boosts of the quark momenta and the Wigner rotations on the 
quark spins. The spin-fiavor matrix elements that enter in the calculation of 
the magnetic moments of the baryons may formaUy be denoted as {B\ SF \B). 
Here S is the spin operator, which is determined by the Dirac current of the 
struck constituent and the boosts (in the case of thc transition moments) and 
the Wigner (or Melosh in the case of front form kincmatics) rotations. The 
factor is the fiavor dependent charge operator of the struck quark: 
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The spin operator S depends on flavor through the flavor dependence of the 
quark mass. Appendix A contains the exphcit expressions for the spin-flavor 

matrix elements that appear in the calculation of both the magnetic form 
factors and the electric charge radii once the flavor part has been calculated 
using SU (4) wave functions. These expressions reduce to the weU-known static 
quark model expressions (e.g. [8]), if the spin operator is assumed to have the 
static form 

»5static — o ■ i^^) 

Zmi 



The expressions in Appendix A contain matrix elements of the spin part of the 
baryon wave functions. These matrix elements depend on the current density 
operator and on the form of relativistic kinematics. 

In Table 2 we give results for the magnetic moments that are obtained with 
equal flavor indcpendent masses for thc constituent u, d and s quarks. For 
the three different forms of kinematics two cases are considered: one with 
the quark mass equal to zero, and a second one with non-zero quark mass. 
The relativistic quark model differs from the non-relativistic quark model in 
that flnite values for the magnetic moments are obtained even in the case of 
vanishing quark masses. 

The magnetic moment values in Table 2 are of similar quahty as those that are 
obtained with the static quark model in aU forms of kinematics. The results 
also reveal that the calculated values are notably closer to the empirical values 
with finite values for the constituent masses. If howcver, the Dirac magnetic 
moment operator is employed in the naive quark model, the corresponding 
magnetic moments would only be about half as large as the empirical values [8]. 
The relativistic quark model calculation shows that it is possible to retain the 
qualitatively satisfactory quark model phenomenology of the baryon magnetic 
moments even when Dirac currents for the constituent quarks are employed. 

In the case of instant form the calculated magnetic moment values are almost 
insensitive to the value of the constituent mass of the hght flavor quark. They 
are, however, in notably better agreement with the empirical values when the 
strange quark mass is flnite and ~ 470 MeV, as shown in Table 3. 

The point form values for the hyperon magnetic moments given in Tables 2 
and 3 are more sensitive to the value of the constituent mass of the light flavor 
quark, but clearly inferior to the instant form values for all combinations of 
the quark masses. 

The magnetic moment values that are calculated in front form are quantita- 

tively fairly similar to those that are calculated in instant form as shown in 
Tables 2 and 3. With flnite quark masses they fall within 10 % of the empirical 
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Table 2 



Magnetic moments, in nuclcar magnetons, calculated with flavor independent con- 
stituent masses. The constitucnt mass used for the íí" is 470 MeV. The column NR 
contains the static quark model values [8] . 



Baryon 


NR 


Instant 


Point 


Front 


EXP 


(m„, ms) 


(360,470) 


(0,0) 


(140,140) 


(0,0) 


(350,350) 


(0,0) 


(250,250) 





Octet Baryons 



P{uud) 


2.76 


2.57 


2.71 


1.95 


2.45 


3.12 


2.78 


2.79 


n{udd) 


-1.84 


-1.79 


-1.84 


-1.32 


-1.63 


-1.99 


-1.67 


-1.91 


(uus) 


2.68 


2.56 


2.71 


1.53 


1.94 


2.91 


2.56 


2.46 


^(uds) 


0.84 


0.90 


0.92 


0.52 


0.65 


1.00 


0.84 


? 


^(dds) 


-1.00 


-0.77 


-0.87 


-0.50 


-0.64 


-0.91 


-0.89 


-1.16 


^^(uds) 


-0.67 


-0.90 


-0.92 


-0.55 


-0.69 


-0.99 


-0.84 


-0.61 




-1.51 


-1.79 


-1.84 


-0.94 


-1.17 


-2.00 


-1.68 


-1.25 


^(dss) 


-0.59 


-0.77 


-0.87 


-0.45 


-0.57 


-0.83 


-0.82 


-0.65 


Decuplet Baryons 


(sss) 


-2.01 


-2.18 


-1.59 


-0.93 


-1.34 


-2.09 


-1.79 


-2.019 


At+ ^ 

(uuu) 


5.52 


4.37 


5.1 


2.53 


3.47 


5.38 


5.21 


4.52 



values. 

The results that are obtained with diíferent masses for the u, d and the s 

quark arc shown in Table 3. It is obvious from these results that the calculated 
magnctic momcnt valucs arc overall much closer to the empirical values, when 
the constituent mass of the strange quark is given a value that is ~ 100 - 
200 MeV larger than the constituent mass of the light flavor quarks. It also 
emerges that the magnetic moment values that are obtained with instant and 
front form kinematics are closer to the empirical values than those obtained 
in point form, when the spatial wave function of the hyperons is taken to be 
the same as that for the nucleon. 

The dependence of the calculated magnetic moment of the p, E"*", A''"+ and 
the fl~ on the value of the constituent quark mass is shown in Fig. 1. The 
ñgure reveals that in point form kincmatics there is no value for the light flavor 
constituent mass where the calculated value would agree with the empirical 
value, whereas in both instant and in front form kinematics the curves cross 
the horizontal line, which represents the empirical value. Similar but clearer 
features can be seen in Fig. 2 where the mean square charge radii of the proton 
and the E~ are depicted as functions of the light quark mass. In instant and 
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Table 3 



Magnetic moments, in nuclear magnetons, calculated with different masses for u, d 
and s quarks. 



Baryon 


Instant 


Point 


Pront 


EXP 




(110,170) 


(0. 170) 


(350. 170) 


(0,170 ) 


(250, 170) 


(0,170) 




Octet Baryons 


P{uud) 

n(udd) 

(uus) 
^(uds) 
"^(dds) 

^^(uds) 
^(uss) 
^(dss) 


2.71 
-1.84 
2.61 
0.79 
-1.03 
-0.55 
-1.35 
-0.40 


2.57 
-1.80 
2.56 
0.78 
-1.00 
-0.56 
-1.37 
-0.38 


2.45 
-1.63 
1.97 
0.65 
-0.67 
-0.68 
-1.21 
-0.57 


1.95 
-1.32 
1.69 
0.56 
-0.55 
-0.63 
-1.15 
-0.55 


2.78 
-1.67 
2.59 
0.75 
-1.08 
-0.55 
-1.31 
-0.59 


3.12 
-1.99 
3.47 
0.94 
-1.60 
-0.50 
-1.52 
-0.74 


2.79 
-1.91 
2.46 

? 

-1.16 
-0.61 
-1.25 
-0.65 



front form kinematics there is again a much stronger dependence on the mass 
of the quark than in point form. 



Finally Table 4 contains the calculated values of the charge radii of the baryons 
with diíferent u, d and s quark masses. The calculated charge radii for the hy- 
perons are very similar in instant and front form kinematics. For the proton, 
neutron and the S~ hyperon, for which empirical values are known, the calcu- 
lated values are also close to the empirical values. In the case of the neutron, 
agreement with the empirical value does however require the introduction of 
a mixed symmetry 5— state component into the ground state wave function, 
with a norm of 0.01 - 0.02. 

The point form value for the mean square charge radius of the is consider- 
ably smaher than the empirical value. This is clearly related to the fact that 
in point form kinematics the magnetic moment of the S~ also is only about 
half of the experimental value. The same conclusion apphes to the case of 
the calculated charge radius and magnetic moment of the Q~ hyperon. This 
imphes that in point form kinematics, the spatial wave function of the hyper- 
ons has to diífer significantly from that of the nucleons. In order to get the 
empirical value for the mean square charge radius of the E~ hyperon in point 
form kinematics the parameter b in the spatial wave function (10) has to be 
decreased from the value 640 MeV in Table 2 to 300 MeV, which corresponds 
to more than doubhng the matter radius. This increases both the calculated 
mean square radii and the magnetic moments of most of the strange hyperons 
to agree better with both the empirical results and the results obtained with 
the two other forms of kinematics. This is shown in Table 5. 
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Fig. 1. Magnetic moments, in nuclear magnetons, of thep, S+ and A+"'" as functions 
of the hght constituent quark mass. The mass of the strange quark is fixed at 470 
MeV for the S"'". Magnetic moment, in nuclear magnetons, of the as a function of 
the mass of the strange quark. Sohd, point and dashed hnes correspond to instant, 
point and front forms of relativistic kinematics. The thick hne corresponds to the 
experimental value. 



5 Magnetic Moments and Charge Radii of the Charm Hyperons 



5.1 Charm 1 Hyperons 



The SU (3) F quark model may be directly extended to SU (4) p to encompass 
the charm baryons. The flavor symmetry breaking is in this case largc bc- 
cause of the large difference between the charm and Ught flavor constituent 
quark masses. The main flavor symmetry breaking appears through the quark 
currents and the boosts and spin rotations, which depend exphcitly on the 
constituent mass. The flavor symmetry breaking in the mass operator may 
either be treated perturbatively or in the form of a flavor and spin dependent 
hyperfine term, which is independent of the spatial coordinates [7]. This makes 
it possible to employ a flavor independent spatial wave function and to use 
the same spatial wave function for the charm and strange hyperons. 

For SU{4) symmetry there are two 20plets, one of which corresponds to mixed 
symmetry states and the other one to the completely symmetric flavor wave 
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m (GeV) m (GeV) 

Fig. 2. Mean square charge radius of the proton and the I!~ as a function of the 
light quark mass, mu^d- Solid, dotted and dashed lines correspond to instant, point 
and front forms of kinematics. The thick line corresponds to the experimental value. 

Table 4 

Mcan square charge radii in fm^ calculatcd with different u, d and s quark masses. 
The constituent mass used for the ü~ is 470 MeV. For the neutron the values 
obtained with a small mixed symmetry— state component in the wave function as 
in Ref. [3] are shown in brackets. 



Baryon 


Instant 


Point 


Front 


EXP 


{mu,ms) 


(140,470) 


(350,470) 


(250,470) 




Octet Baryons 


P{uud) 


0.79 


0.71 


0.71 


0.756 [9] 


n{udd) 


0.00(-0.14) 


-0.01 (-0.13) 


-0.02 (-0.09) 


-0.116 [9] 


(uus) 


1.10 


0.47 


0.94 




^(uds) 


0.19 


0.02 


0.13 




'^(dds) 


0.72 


0.41 


0.61 


0.61 [10] 


^^{uds) 


0.19 


-0.01 


0.12 




^(uss) 


0.34 


0.01 


0.22 




~^{dss) 


0.61 


0.35 


0.57 




Decuplet Baryons 


{sss) 


0.54 


0.25 


0.51 




At+ , 

{uuu) 


1.64 


0.85 


1.47 





states. The completely symmetric flavor statcs represent spin 3/2 states, while 
the mixed symmetry ones represent spin 1/2 states. 
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Table 5 

Magnctic momcnts, in nuclear magnetons, and nican square charge radii, in fm^, 
calculatcd with (¿ = 350 McV and rris = 470 MeV using point form of relativistic 
kinematics. The results are obtained making use of two diíferent values for the 
osciUator parameter b. 



Baryon 


(6=640) 


(6=300) 


EXP 


Magnetic moments 


(UUS) 


1.97 


2.20 


2.46 


yO 

^{uds) 


0.65 


0.71 


? 


^{dds) 


-0.67 


-0.77 


-1.16 


^^{uds) 


-0.68 


-0.69 


-0.61 


^{uss) 


-1.21 


-1.31 


-1.25 


"{dss) 


-0.57 


-0.58 


-0.65 


Mean squarc chargc radii 


{uus) 


0.47 


0.66 




yO 

^{uds) 


0.02 


0.02 




^{dds) 


0.41 


0.64 


0.61 [10] 


^^{uds) 


-0.01 


0.02 




■=■0 

^{uss) 


0.01 


0.03 




^{dss) 


0.35 


0.52 





Thc wave functions for the mixed symmetry 20plet are listcd in Table A.l. The 
corresponding wave functions for the symmetric 20plet are readily constructed 
by symmetrization of the quark content of the baryon. 

The spin-flavor matrix elements that enter in the calculation of the magnctic 
moments and charge radii of the charm hypcrons may, in analogy with the 
case of the strange hyperons above, be written as {B \ SJ-'c \ B'). Here the flavor 
operator J^. is the extension to charm of the charge operator (17): 

The explicit expressions for the matrix elements of the flavor operator as 
obtained with the wave functions in Table A.l are given in Appendix A. 
These expressions reproduce the static results [11] when the spin operator 
is approximated by the static operator of Eq. (18). In the relativistic case the 
matrix elements of the quark operator depend on the form of kinematics under 
consideration. 
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Tables 6 and 7 contain the calculated values of the magnetic moments of 
charm baryons with mixed symmetry for the three diíferent forms of kinemat- 
ics. The results in Table 6 are given for both zero and finite values for the 
mass of the hght quarks, while the strange and charm quark are given the 
constituent masses 470 MeV and 1500 MeV respectively. In instant and point 
form kinematics the results are insensitive to the value of the constituent mass 
of the hght fiavor quark, whereas in front form the calculated values are quite 
sensitive to the hght quark mass. When the hght flavor quarks have finite con- 
stituent masses the results are very similar for aU three forms of kinematics. 

To show the sensitivity of the calculated magnetic moments of the charm 
hyperons to the value of the constituent mass of the strange quark, the results 
that are obtained by setting the mass of the strange quark, along with those 
of the hght flavor quarks, to zero are shown in Table 7. We therefore employ 
a finitc vahic for thc mass of thc charm and zcro mass for thc u, d and s 
quarks. Both instant and front form values reveal notable sensitivity to the 
value of the strange quark mass, whereas the point form values are again very 
insensitive to the strange quark mass. 

In the absence of empirical data on the magnetic moments of the charm hy- 
perons, the values obtained by the static quark model with the corresponding 
values are given as a reference. The calculated values in instant form kine- 
matics are very similar to the static quark model valucs, iudcpcndcntly of the 
value of the constituent mass of the light flavor quarks. This similarity also 
holds in the case of front form kinematics, although only if the constituent 
mass of the light flavor quarks is flnite. 

As in the case of the strange hyperons, point form kinematics does, however, 
give much smaller vahics for thc magnetic moments of thc charm hyperons 
than both the instant and front form kincmatics. The reason for this is that 
the large hyperon mass appears in the boost velocity in the case of point 
form kinematics. The larger values are expected to be the more realistic ones, 
however, especially in view of the fact that those values are also similar to the 
values given by the extension to charm of the Skyrme model [13]. 

Table 8 contains the calculated values for the mean square charge radii that 
are obtained with different masses for the light, strange and charmed quarks. 
The point form results again deviate considerably from the instant and front 
form results, which are similar to one another. In particular thc chargc radii 
obtaincd for the neutral hyperons in point form are usually much smallcr than 
the those obtained with instant and front forms of kinematics. This feature is 
already noticeable in the results of Table 4 for the strange baryons. 

In the case of the strange hyperons it was found that acceptable values of the 
calculated magnetic moments and mean square charge radii are obtained in 
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Table 6 

Magnctic moments, in nuclear magnetons, of thc charni hyperons calculated with 
diffcrcnt masses for íí, d, s and c quarks for thc thrcc forms of kincmatics. The 
strange mass used is 470 MeV in the three cases. The charm quark mass is taken to 
be 1500 MeV. Here M^++ = M^+ =3.5 GeV [12] and = 3.7 GeV. The column 
NR shows the corrcsponding values in the static quark model with these mass values 
and iTiu = md =350 McV. 



Baryon 


Instant 


Point 


Pront 


NR 


{mu) 


140 





350 





250 








Mixed symmetry 20plet: (6,1) 



T,++{uuc) 


2.36 


2.39 


1.00 


0.90 


2.18 


3.07 


2.24 


S+(u(íc) 


0.49 


0.49 


0.13 


0.11 


0.44 


0.65 


0.46 


SO((idc) 


-1.38 


-1.40 


-0.74 


-0.67 


-1.31 


-1.78 


-1.33 


El+{usc) 


0.75 


0.78 


0.15 


0.13 


0.67 


1.13 


0.61 


Ef{dsc) 


-1.12 


-1.14 


-0.73 


-0.70 


-1.24 


-1.51 


-1.18 


r2^(.s.sc) 


-0.86 


-0.86 


-0.67 


-0.67 


-0.90 


-0.90 


-1.03 


Mixed symmetry 20plet: (3,1) 


S"+(usc) 


0.40 


0.39 


0.47 


0.45 


0.40 


0.39 


0.42 


Ef{dsc) 


0.41 


0.42 


0.47 


0.46 


0.40 


0.39 


0.42 


A+{udc) 


0.40 


0.39 


0.52 


0.49 


0.43 


0.41 


0.42 




Mixed symmetry 20plet: 


(3,2) 






E++{ucc) 


-0.10 


-0.13 


0.30 


0.29 


-0.04 


-0.32 


-0.04 


E+{dcc) 


0.86 


0.87 


0.69 


0.68 


0.83 


0.94 


0.85 


n+{scc) 


0.72 


0.72 


0.66 


0.66 


0.74 


0.74 


0.78 



point form kinematics only if the parameter b in the spatial wave function 
model (10) is reduced from 640 MeV to 300 MeV. This also applies to the 
case of the charm hyperons as shown in Tables 9 and 10, where the calculated 
magnetic moments and mean square charge radii arc shown for both b =640 
MeV and b = 300 MeV with point form kinematics. The substantial reduction 
of the parameter b again leads values for both observables, which are much 
closer to the values that are obtained with instant and front form kinematics. 

5.2 Doubly Charmed Hyperons 

The recent discovery of doubly charmed hyperons, with rest energies at 3460, 
3520 and 3780 MeV has revived the interest in the structure of those baryons 
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Table 7 

Magnetic moments, in nuclear magnetons, calculated with zero mass for the hght 
quarks, u, d and s and with the charm quark mass as 1500 MeV. 



Baryon 


Instant 


Point 


Front 


Mixed symmetry 20plet: (6,1) 


E'+{usc) 


0.49 


0.11 


0.64 


Efidsc) 


-1.40 


-0.67 


- 1.96 


ííO(ssc) 


-1.40 


-0.61 


-1.77 


Mixed 


syninictry 20plet: (3,1) 


S«+(usc) 


0.39 


0.43 


0.36 


Efidsc) 


0.43 


0.45 


0.35 


Mixed symmetry 20plet: (3,2) 


n+{scc) 


0.87 


0.65 


0.94 



[12,14]. It is natural to idcntify the state at 3460 MeV as the S+, pending 
verification that its spin and parity assignment be 1/2+ . The state at 3520 
MeV may most naturally be identified as the S*++ in view of the prediction 
that thc splitting bctween these states should be expected to be ~ 60 — 90 
MeV [7,15,16,17,18]. The statc at 3780 MeV is likely to be the lowest negative 
parity statc, in vicw of thc prediction that this should fall around 300 MeV 
above the ground state [15]. 

The magnetic momcnts of the ground states of thc doubly charmcd hyperons 
may be calculatcd by the same methods as used abovc for thc strange and 
singly charmed hyperons. In Table 6 the calculated magnetic moments of the 
ground state ccu (S¿,+), ccd (S+) and ccs (í^¿,) are given as obtained in the 
three different forms of kinematics. Here the mass of the S++ has been taken 
as 3.5 GeV and that of the Í7+ as 3.7 MeV. The latter valuc is suggcsted by 
the lattice calculation in Rcf. [18]. For reference we note that thc static quark 
model expressions for the magnetic moments (in units of nuclear magnetons) 
of these hyperons are: 



dnic 9 m„ 
, 8 mp 1 mp 

8m, lm,_ 
9mc 9ms 

Here m„, m^ and m^ are the constituent masses of the light fiavor, the strange 
and the charm quarks respectively. 
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Table 8 

Mean square charge radii (in fm^) of the charm hyperons calculated with different 
masses for quarks u, d, s and c. The masses of the strange and charm quarks, ms 
and mc, are taken to be 470 MeV and 1.5 GeV rcspectively. 



Baryon 


Instant 


Point 


Front 


Mixed symmetry 20plet: (6,1) 


S++(uuc) 


1.7 


0.4 


1.4 


E+{udc) 


0.5 


0.2 


0.4 


SO(ddc) 


-0.7 


-0.0 


-0.6 


E'+{usc) 


0.6 


0.2 


0.5 


Ef{dsc) 


-0.6 


-0.0 


-0.5 


n%ssc) 


-0.4 


-0.0 


-0.4 


Mixed symmetry 20plet: (3,1) 


E!"+ {usc) 


0.6 


0.2 


0.5 


Ef{dsc) 


-0.6 


-0.0 


-0.5 


A+{udc) 


0.5 


0.2 


0.4 


Mixed symmetry 20plet: (3,2) 


Kc'^iUCc) 


1.3 


0.2 


1.0 


E+{dcc) 


0.1 


0.1 


0.0 


íí+(scc) 


0.2 


0.1 


0.1 



The calculated magnetic moments of the doubly charmed hypcrons are very 
similar in instant and in front form kinematics. They are also close to the 
static quark model values. In contrast the point form values differ notably 
from these, in particular in the case of the for which the point form result 
is positive while both instant and front give a negative result for the magnetic 
moment. 

In Table 7 the calculated result for the magnetic moment of the Q¿, is also 
shown for the case of zero constitucnt mass for the strange quark. Only the 
front form result shows significant dependence on the quark mass, in analogy 
with the case of the strange hyperons. 

In Table 8 the calculated mean square charge radü of the ground state doubly 
charmed hyperons are listed. As in the case of the magnetic moments, the 
instant and front form values are similar, while the point form values are 
much smaller. 
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Table 9 

Magnetic moments, in nuclear magnetons, of the charm hyperons calculated in point 
form with mud = 350 MeV, = 470 McV and rric = 1.5 GcV. Here M„++ = 
=3.5 GeV [12] and = 3.7 GeV. The column NR shows the corresponding 
values in the static quark model with these mass values. 



Baryon 


(6=640) 


(6=300) 


NR 


Mixed symmctry 20plet: (6,1) 




1.00 


1.39 


2.24 


Zj^ LiCtC j 


0.13 


0.24 


0.46 


2jg yCiCLC ) 


-0.74 


-0.91 


-1.33 


El+^usc) 


0.15 


0.30 


0.61 


Efidsc) 


-0.73 


-0.88 


-1.18 


n%ssc) 


-0.67 


-0.78 


-1.03 


Mixcd 


symmctry 20plct: (3,1) 


S«+(«sc) 


0.47 


0.42 


0.42 


Efidsc) 


0.47 


0.42 


0.42 


h+{udc) 


0.52 


0.46 


0.42 


Mixed symmetry 20plet: (3,2) 


'^t^iucc) 


0.30 


0.17 


-0.04 


S+((ícc) 


0.69 


0.74 


0.85 


üUscc) 


0.66 


0.69 


0.78 



6 Discussion 

The main finding above is the demonstration that the phenomenological de- 
scription of baryon magnetic moments may be carried over into the Poincaré 
covariant quark model, and with the additional gain of a concomitant descrip- 
tion of thc charge radii, and, for thc nucleons and the A(1232) resonance, of 
the electromagnetic form factors as welL In comparison with the static quark 
model the gain is the dynamical consistency of the calculation. Formally the 
calculation of the current matrix elements is considerably more cumbersome 
in the relativistic quark model, the results of which coincide with those of the 
static quark model only when mg/m„ ^ 1. 

Another notable finding is that if the same spatial wave function is employed 
the strange hyperon magnetic moments and mean square charge radii calcu- 
lated in point form kinematics are considerably farther from the empirical 
magnetic moments than the values calculated in instant and front form kine- 
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Table 10 

Mean square charge radii (in fm^) of the charm hyperons calculated in point form 
with mu,d = 350 MeV, = 470 MeV and rric = 1500 MeV. 



Baryon 


(6=640) 


(6=300) 


:Mixcd symmotry 20plot: (G.l) 




0.4 


1.1 


T,+ {udc) 


0.2 


0.5 


SO((¿dc) 


-0.0 


-0.1 


E'+{usc) 


0.2 


0.5 


Ef{dsc) 


-0.0 


-0.1 


^'Ássc) 


-0.0 


-0.0 


Mixed symmctry 20plet: (3,1) 


E^+{usc) 


0.2 


0.5 


Ef{dsc) 


-0.0 


-0.0 


A+{udc) 


0.2 


0.6 


Mixcd symmctry 20plct: (3,2) 


E++{ucc) 


0.2 


0.5 


E+{dcc) 


0.1 


0.2 


n+{scc) 


0.1 


0.2 



matics. Both instant and front form kinematics lead to very similar values for 
the hyperon magnetic moments, and moreover to values, which are close to the 
empirical values. Only if the spatial extent of the wave function of the strange 
hyperons is more than double that of the spatial extent of the nucleon wave 
function does the calculation in point form kinematics lead to values that are 
close to the corresponding empirical ones. A similar conclusion apphes to the 
case of the charm hyperons, for which point form kinematics in most cases 
yields much smaller magnetic moment values than instant and front form un- 
lcss the spatial extent of the wave function is more than double that of the 
nucleons. That point form kinematics differs quahtatively from the other two 
forms has been noted in another context in Ref. [19]. 

Finally the present results suggest that the apparent success of the static quark 
model with constituent masses in the rangc 300 — 400 MeV in describing the 
empirical baryon magnetic moments with ~ 10 — 15% accuracy is largely 
an accidental consequence of the correct description of the flavor structure of 
current operators. 

The present phenomenlogical approach to the baryon magnetic moments has 



19 



no direct link to QCD. There are several QCD based approaches to the ob- 
servables of the baryons in the low-energy range. These are based on eífective 
field thcory [20,21] or on the large color hmit [22,23] and in both cascs lead to 
a description in tcrms of eñ'ective operators. The issue of Poincaré covariance 
may, to a good approximation, be avoided in leading order in the effective 
operator expansion. 
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A Flavor matrix elements 



Here the explicit expressions for thc spin-flavor matrix elements that enter in 
the evaluation of both the magnetic moments and the charge radii are given. 
These matrix elements arise upon calculation of the matrix element of the 
flavor operator with the wave functions of Table A.l. 



A.l Non-strange non-charm sector 
The expressions for the octet baryons are. 



{p\ SF \p) = ^{Sma\ S \Sma)u 

{n\ SF \n) = -{Sms\ S \Sms)u — -{Sma\ S \Sma)u 
o 



1 \ 

'MS/ 



. . ■ ■ 

1 1 

(E \ SF \T, ) = -{Sma\S\Sma)u+ g{SMs\S\Sj 

— g{SMs\ <S \Sms)s 

1 1 

(E I SF |E ) = —{Sma\ S \Sma)u + -^{Sms\ S \Sms)u 

—-{Sms\ <S \Sms)s 



(A.l) 
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(S I |E ) — —-{Sma\S \Sma)u — t-z{Sms\S \Sms)u 

D io 

~g{SMs\ <S \Sms)s 

(A°| SF |A°) — —{Sma\ S \Sma)u + y^{Sms\ «5 \Sms)u 
1 



— t:{Sma\ S \Sma)s 

y 

(S~| SF \E~) — —-{Sma\ S \Sma)s — Ygi^'^s\ «5 \Sms) 

— g{SMs\ S \Sms)u 
(EP\ SF |S°) = —-{Sma\ S \Sma)s — y^{Sms\ ^ \Sms)s 

+ q{Sms\ S \Sms)u 
For the decuplet ones, 

{A++\SF\A++)=2{Ss\S\Ss)u 

{Q-\ SF\Q-) = i-l) {Ss\S\Ss)s (A.2) 

where for instancc, (5'í\ía| S \ Sma)s, stands for a matrix elemcnt bctwccn two 
mixed antisymmctric statcs of the spin operator S where the struck quark is 
a strangc quark. Depending on the baryon the other two quarks could be uu 
(S) or us (S). 

A.2 Strange and charm sector of the mixed symmetry 20plet 
The elastic matrix elements required for the 20plet (6,1) are: 

(E++I SF |E++) = ^{Sma\ S \Sma)u + ^{Sms^ S \Sms)u 
2 

+-^{Sms\ S \Sms)c 

1 4 
(E+l SF |E+) = —{Sms\ S \Sms)u + Yg(^Ms\ S \Sms)c 

+—{Sma\ S \Sma)u 

1 4 
(E^l SF |E^) = ——{Sms\ S \Sms)u + —{Sms\ S \Sms)c 

io io 

~-^{Sma\ S \Sma)u 
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_ _ 1 1 

(S+l SF |5+) = —{Sms\ 5 \Sms)u — —{Sms\ »5 \Sms)s 

io oD 

4 1 

+T^('S'Afs| ^5 |5'ms)c + 7:{Sma\ <S \Sma)u 

io D 

— ^^('^-'^-^l «5 \Sma)s 

(S°| SF |S°) = — — (^Msl »5 \Sms)u — -^{Sms\ <S \Sms)í 

4 1 

+Y^{Sms\ S \Sms)c — ('^aíaI S \Sma)i 

— Y^{Sma\ S \Sma)s 

1 4 

(^cl l^c) — ^Y^('S'm5| «5 \Sms)s + Y^('S'm5| «5 |5'jM-5)c 



6 

For the 20plet(3,l) we get, 



-^{Sma\S \Sma)s (^-3) 



("Sl «^-^ l"S) — ^('S'msI «5 1-5^5)« — y^{Sms\ S \Sms)s 

1 1 
+— ('S'maI »5 \Sma)u — ■^('S'maI »5 \Sma)s 

io 00 

4 

+— ('S'maI ^5 IS'ma^c 

io 

("^l l-cs) = - y^('S'ms| «5 |<S'm5)u - y^('S'm5| «5 |5'm5)s 

— ^('S'm^I ^5 IS'ma^u — ■^('S'm^I S \Sma)s 
4 

+Y^('S'ma| S I-Sma^c 

(A+3I SF IA+3) = ^(-SmsI S \Sms)u + ^{Sma\ S \Sma)u 
4 

+7^('S'ma| S I^S'ma^c ■ 

io 



(A.4) 



For the 20plet(3,2) the matrix elements are: 



("Í;^l '^-^ I^Í^) - Y^('S'm5| S \Sms) 
1 
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('S'msI S \Sms)c 



+ g('S'MA| S |íS'ma)c 



^ ^ 2 2 

('='ccl l'='cc) = -^§('^^■^1 \^^s)u + ^^('S'msI S \Sms)c 
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1 

+-{Sma\ S \Sma)c 

ó 

2 2 

+^('S'ma|«5|S'ma)c- (A.5) 
The non-zero transition matrix elements are: 



(E^l SF |Ac) — r-p-{SMs\ «5 I'S'ms)^ — _ ^¡-^{Sma^ «5 15*^^)« 



(S+l IS+3) - -^-j={Sms\ S \Sms)u + 12^^^ \Sms)s 

^^^('S'maI <5 \Sma)u — ^^^ ('S'maI S \Sma)s 

(S°| SF \E%) = "^^^^('^Aísl S \Sms)u + J^;y^('^^'5| «5 |5'm5)s 

+ ^^^ ('S'm^| »5 \Sma)u — ^^^ ('S'm^I »5 15*^^)5 • (A.6) 

Here for example, (S'm^I »5 |5'm5)c, stands for a matrix element between two 
mixed symmetric states of the spin operator S, where the struck quark is a 
charm quark. Depending on the baryon the other two quarks could be for 
example uu (S++) or us (5"+). 
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Table A.l 

SU (4) F wave functions of the mixed symmetry baryons. We also include the non- 
strange ones for completeness 

Baryon 0ms (t>MA 

Mixed symmetry 20plet: (8,0) 



P 
n 

S+ 



-j= [uud + ud,u — 2d,uu] 



1 

V6 



^ [ddu + dud — 2udd] 
[uus + usu — 2suu] 

usd+dsu 1 uds+dus o sdu+sud 

[dds + dsd — 2sd(í] 



{uud, — udu) 
{dud — ddu) 
{uus — usu) 



1 

V2 



V2 



dsu+usd 
V2 . 



(dds — dsd) 



1 

V2 



uds—dus _j_ usd—dsu 



V2 



V2 



1 
V6 



usd—dsu _j_ dus—uds 



) sdu—sud 



V2 



V2 



V2 







[sds + ssii — 2(iss] 






j^{sds 


— ssd) 






+i[siis + ssu — 2uss] 






j^{sus 


— ssu) 






Mixed symmetry 20plet: 


(6,1) 






E++ 




[uuc + ucu — 2cuu] 






j^[uuc 


— ucu] 




1 

V6 


ucd+dcu 1 udc+duc ncdu+cud 
V2 ^ V2 " V2 




1 

V2 


udc+duc 
V2 


dcu+ucd 
V2 








■^ [ddc + dcd — 2cdd] 






^[ddc 


— dcd] 


77S+ 
"c 


1 

V6 


USC+SUC 1 MCS+SCli o cus + csu 
[ V2 ^ V2 " V2 . 




1 
V2 


usc+suc 
[ V2 


ucs+scu 
V2 . 




"c 


1 

V6 


dsc+sdc 1 dcs+scd r)cds+csd 
[ V2 ' V2 " V2 J 




1 
V2 


dsc+sdc 
V V2 


dcs+scd 
V2 \ 








;^[SSC + SCS — 2CSS] 








— scs] 



Mixed symmetry 20plet: (3,1) 





1 
V2 


udc—duc 
V2 


+ 


ucd—dcu 
V2 


1 

Ve 


ucd—dcu 
V2 


+ 


duc—udc 
V2 


ncdu—cud 
^ V2 




'^a+ 
"c 


1 

V2 


usc—suc 
[ V2 


+ 


ucs—scu 
V2 . 


1 

V6 


ucs—scu 
[ V2 


+ 


suc—usc 
V2 


ocsu—cus 
^ V2 \ 




•^aO 
"c 


1 
V2 


dsc—sdc 
V2 


+ 


dcs—scd 
V2 


1 

V<i 


dcs—scd 
V2 


+ 


sdc—dsc 
V2 


o csd~cds 
^ V2 





Mixed symmetry 20plet: (3,2) 



■=■++ 

"cc 


■^ [ccu + cuc — 2ucc] 


-^[ccu- 


cuc] 


"cc 


[ccd + cdc — 2dcc] 


^^[ccd- 


Cííc] 


^tc 


[ccs + csc — 2scc] 


73 [^^^- 


csc] 



24 



References 



[I] P. A. M. Dirac, Rev. Mod. Phys. 21 (1949) 392 
[2] D. Merten et al, Eur. Phys. J. A 14 (2002) 477 

[3] B. Jiüia-Diaz, D. O. Riska and F. Coester, Phys. Rev. C 69 (2004) 035212 

[4] S. Boffi et al, Eur. Phys. J. A 14 (2002) 17 

[5] P. L. Chung and F. Coester, Phys. Rev. D 44 (1991) 229 

[6] F. Schlumpf, Phys. Rev. D 48 (1993) 4478 

[7] F. Coester, K. Dannbom and D. O. Riska, Nucl. Phys. A 634 (1998) 335 

[8] K. Dannbom, L. Y. Glozman, C. Helminen and D. O. Riska, Nucl. Phys. A 616 

(1997) 555 

[9] K. Hagiwara et al, Phys. Rev. C 66 (2002) 010001 

[10] I. Eschrich et al. [SELEX Collaboration] , Phys. Lett. B 522 (2001) 233 

[II] D.B. Lichtenberg, Phys. Rev. D 14 (1977) 234 

[12] M. Mattson et al. [SELEX Cohaboration] , Phys. Rev. Lett. 89 (2002) 112001 

[13] Y. Oh et al, Nucl. Phys. A 534 (1991) 493 

[14] M. A. Moinester et al. [SELEX Collaboration], |hep-ex/0212029| 

[15] S. Fleck and J. M. Richard, Prog. Theor. Phys. 82 (1989) 760 

[16] M. Rho, D. O. Riska and N. N. Scoccola, Z. Phys. A 341 (1992) 343 

[17] C. Itoh et al, Phys. Rev. D 61 (2000) 057502 

[18] N. Mathur, R. Lewis and R. M. Woloshyn, Phys. Rev. D 66 (2002) 502 

[19] A. Amghar, B. Desplanques and L.Theussl, Nucl. Phys. A 714 (2003) 213 

[20] U. -G. Meissner and S. Steininger, Nucl. Phys. B499 (1997) 349 

[21] P. Ha and L. Durand, Phys. Rev. D67 (2003) 073017 

[22] E. Jenkins and A. V. Manohar, Phys. Lett. B335 (1994) 452 

[23] E. Jenkins, Ann. Rev. Nucl. Part. Sci. 48 (1998) 81 



25 



